In this paper we introduce a superclass of split digraphs, which we call spine digraphs. Those are the digraphs D whose vertex set can be partitioned into two sets X and Y such that the subdigraph induced by X is traceable and Y is a stable set. We also show that Linial's Conjecture holds for spine digraphs.
Introduction
The digraphs considered in this text do not contain loops or parallel arcs (but may contain cycles of length two). Let D be a digraph. We denote the set of vertices of D by V (D) and the set of arcs of D by A(D). We use (u, v) to denote an arc with head v and tail u. We say that u and v are adjacent if (u, v) ∈ A(D) or (v, u) ∈ A(D). By a path of D, we mean a directed path of D and by a stable set of D, we mean a stable set of the underlying graph of D. We denote by V (P ) the set of vertices of a path P and the size of a path P , denoted by |P |, is |V (P )| 1 . We denote by λ(D) the size of the longest path in D and by α(D) the size of a maximum stable set. A path partition of D is a set of vertex-disjoint paths of D that cover V (D). We say that P is an optimal path partition of D if there is no path partition P ′ of D such that |P ′ | < |P|. We denote by π(D) the size of an optimal path partition of a digraph D. Dilworth [1] showed that for every transitive acyclic digraph D we have π(D) = α(D). Note that this equality is not valid for every digraph; for example, if D is a directed cycle with 5 vertices, then π(D) = 1 and α(D) = 2. However, Gallai and Milgram [2] have shown that π(D) ≤ α(D) for every digraph D.
Greene and Kleitman [3] proved a generalization of Dilworth's Theorem, which we describe next. Let k be a positive integer. The k-norm of a path partition P, denoted by |P| k , is defined as |P| k = P ∈P min{|P |, k}. We say that P is a k-optimal path partition of D if there is no path partition
k is a set of k disjoint stable sets called color classes (empty color classes are allowed). The weight of a k-partial coloring C k , denoted by ||C k ||, is defined as
We denote by α k (D) the weight of an optimal k-partial coloring of D. Given these definitions, what Greene and Kleitman [3] showed was that for every transitive acyclic digraph D, we have
. Thus, Dilworth's Theorem is a particular case of Greene-Kleitman's Theorem in which k = 1.
As Gallai-Milgram's Theorem extends Dilworth's Theorem, it is a natural question whether GreeneKleitman's Theorem can be extended to digraphs in general. More precisely, is it true that for every digraph D we have that π k (D) ≤ α k (D)? Linial [4] conjectured that the answer for this question is positive.
Linial's Conjecture [4] . Let D be a digraph and k be a positive integer. Then,
Linial's Conjecture remains open, but we know it holds for acyclic digraphs [4] , bipartite digraphs [5] , digraphs which contain a Hamiltonian path [5] , k = 1 [6] , k = 2 [7] and k ≥ λ(D) − 3 [8] . For more about this problem, we refer you to the survey presented by Hartman [9] .
Linial also introduced a somewhat dual problem, which we are going to call as Linial's Dual Conjecture, in which the roles of paths and stable sets are exchanged. To properly state that, we need a few definitions first. Let D be a digraph and k a positive integer. A k-path in D is a set of k disjoint paths of D (we allow empty paths). The weight of a k-path P k , denoted by ||P k ||, is defined as
Linial's Dual Conjecture [4] . Let D be a digraph and k be a positive integer. Then,
This conjecture also remains open and, like Linial's Conjecture, we know it holds for some particular cases, such as acyclic digraphs [10] , bipartite digraphs [11] , k = 1 [12, 13] 
, and split digraphs [11] , which we define next.
Recall that our digraphs may have no loops nor parallel arcs. [14] proved that every tournament (and hence, every semi-complete digraph) is traceable (i. e. contains a Hamiltonian path).
For a digraph D and
Hartman, Saleh and Hershkowitz [11] proved that χ k (D) ≤ λ k (D) (Linial's Dual Conjecture) for every split digraph. In fact, their proof can be extended to a superclass of split digraphs which we introduce next. We say that D is a spine digraph if there exists a partition {X, Y } of V (D) such that D[X] is traceable and Y is a stable set in D. In this paper we prove Linial's Conjecture for spine digraphs. We shall use the notation D[X, Y ] to indicate that D is a spine digraph with such partition {X, Y }.
Linial's conjecture for spine digraphs
First let us discuss the general idea of the proof of Hartman, Saleh and Hershkowitz [11] 
by exhibiting appropriate coloring and k-path. If χ k (D) ≤ |X| + k − 1, then the result follows. Therefore, the critical case is when χ k (D) = |X| + k. In this case, they showed that λ k (D) ≥ |X| + k by constructing a k-path with such weight.
We follow the same strategy. However, here the critical case (described later) is more complicated. We begin by presenting simple bounds for π k (D) and α k (D).
Proof. Let P be a Hamiltonian path in D[X] and P = {P } ∪ {(y) : y ∈ Y }. Clearly, P is a path partition of D for which |P| k = min{|X|, k} + |Y |. Therefore, π k (D) ≤ |P| k = min{|X|, k} + |Y |.
and the result follows. Thus assume that |X| ≥ k. Take S ⊂ X such that |S| = k − 1, and let C k = {Y } ∪ {{x} : x ∈ S}. Clearly, C k is a k-partial coloring for which
Proof. If |X| < k, then by Lemma 2, α k (D) = |V (D)| = |Y |+ |X| = |Y |+ min{|X|, k}. We may thus assume that |X| ≥ k. So, there exists S ⊆ X such that |S| = k and no vertex y ∈ Y is adjacent to every vertex in S. Suppose that S = {x 1 , x 2 , . . . , x k } and let C k 0 = {C 1 , C 2 , . . . , C k } be a k-partial coloring in which C i = {x i } for i = 1, 2, . . . , k. For each y ∈ Y , choose some vertex x i not adjacent to y (which exists by the choice of S) and add y in color class C i . The k-partial coloring C k thus obtained has weight |Y | + k = |Y | + min{|X|, k}.
Proof. By Lemma 3, α k (D) ≥ |Y |+min{|X|, k}. On the other hand, by Lemma 1, π k (D) ≤ |Y |+min{|X|, k} and the result follows.
Proof. If α k (D) = |V (D)|, then the result follows trivially. Thus, we may assume that α k (D) < |V (D)|. By Lemma 2, we have that |X| ≥ k and also that
In view of the two preceding results, in order to complete the proof of Linial's Conjecture for spine digraphs, we must deal with the case in which D is k-tight and λ(D) ≤ |X|. To do so, we present two auxiliary lemmas; but first, we need some definitions.
Given a path P = (x 1 , x 2 , . . . , x ℓ ), we denote by ter(P ) the terminal vertex of P , namely x ℓ . The subpath (x 1 , x 2 , . . . , x i ) is denoted by P x i and the subpath (x i , x i+1 , . . . , x ℓ ) is denoted by x i P . We denote by W • Q the concatenation of two paths W and Q.
Let D[X, Y ] be a spine digraph and let P = (x 1 , x 2 , . . . , x ℓ ) be a Hamiltonian path of D[X]. We say that the Hamiltonian path P is zigzag-free in D if there is no vertex y ∈ Y such that (y, Proof. The proof is by induction on t. If t = 1, then the result is obvious. Now, suppose that t > 1. By induction hypothesis, we have that (x i , y) ∈ A(D) for i = 1, 2 . . . , t − 1. If (y, x t ) ∈ A(D), then P is not zigzag-free in D. Hence, (x t , y) ∈ A(D) and the result follows. . Then, there exist paths P 1 and P 2 such that:
Proof. The proof is by induction on k. Suppose that k = 1. Since D is 1-tight, we know that every x i ∈ X is adjacent to at least one vertex in Y . Let y ′ ∈ Y be a vertex adjacent to x 1 . Since P is zigzag-free in D, we have that (x 1 , y ′ ) ∈ A(D). Among all arcs (x i , y) ∈ A(D) with y ∈ Y and 1 ≤ i ≤ ℓ, choose an arc a such that i is maximum. Since (x 1 , y ′ ) ∈ A(D), one such arc exists. As P is zigzag-free in D, we have that i < ℓ and so the vertex x i+1 exists. Let y ′′ ∈ Y be a vertex adjacent to x i+1 . By the choice of a, we have that (y ′′ , x i+1 ) ∈ A(D). Since P is zigzag-free in D, we conclude that y ′′ = y. Therefore, we have that P 1 = P x i • (x i , y) and P 2 = (y ′′ , x i+1 ) • x i+1 P meet the conditions (i) through (iv) above. This concludes the base case. Now, suppose that k > 1. Since D is k-tight, then |X| ≥ k and there exists a vertex y * ∈ Y which is adjacent to every vertex of S = {x 1 , x 2 , . . . , x k }, the set of the k first vertices of P . By Lemma 5, we have that (x i , y * ) ∈ A(D) for every vertex x i ∈ S. In particular, (x k , y * ) ∈ A(D). Among all arcs (x i , y) ∈ A(D) with y ∈ Y and 1 ≤ i ≤ ℓ, choose an arc a such that i is maximum. Note that such arc a exists and that i ≥ k, since (x k , y * ) ∈ A(D). As P is zigzag-free in D, we have that i < ℓ and so the vertex x i+1 exists. Note that by the choice of i, if some vertex y ′ ∈ Y is adjacent to
′ , suppose the contrary. Since P is zigzag-free in D, there must exist some arc (
However, by the definition of Y ′ , we have that (y ′ , x i+1 ) ∈ A(D) which contradicts the fact that P is zigzag-free in D.
We now claim that
We need to show that there exists
By the induction hypothesis applied to D ′ and P ′ , there exist paths P 
We claim that P 1 and P 2 meet conditions (i) through (iv). Conditions (iii) and (iv) obviously hold. Condition (i) holds because P Proof. We may assume that D is k-tight, otherwise the result follows by Theorem 1. We may also assume that λ(D) ≤ |X|, otherwise the result follows by Lemma 4. Let P = (x 1 , x 2 , . . . , x ℓ ) be a Hamiltonian path in D[X]. Clearly P is zigzag-free in D. By Lemma 6, there exists disjoint paths P 1 and P 2 in D ′ such that |P 1 | + |P 2 | = |X| + k + 1. Note that |P i | > k, for i = {1, 2}, otherwise P 3−i would be larger than |X|. Let P = {P 1 , P 2 } ∪ {(y) : y / ∈ V (P 1 ) ∪ V (P 2 )}. It is easy to see that P is a path partition in D. The k-norm of P is |P| k = min{|P 1 
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